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Considered in this paper is the large deﬂection of a thin beam. One end of the beam is ﬁxed (clamped) to a rigid wall,
while the other end is placed on a ﬂat surface of arbitrary orientation. It is shown that under certain conditions, the solu-
tion to the deﬂected shape of the plate is not unique. Conditions for the existence of multiple solutions are identiﬁed.
Numerical methodologies are developed to obtain the multiple solutions. Experiments were conducted to verify the numer-
ical predictions. Excellent agreements are found between the predicted deﬂection and the experimental measurements.
 2008 Elsevier Ltd. All rights reserved.
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This paper deals with the bending of thin plates (beams) into shapes that involve large deﬂections. The
problem that relates to bending thin plates (beams) into various controlled shapes occurs frequently in a
number of emerging technical areas. For example, optical ﬁbers used in various communication cables
must be bent, often severely, in order to facilitate eﬀective packaging. To have high reliability and perfor-
mance, deformation of the thin optical ﬁbers near the optical/electrical connectors must be controlled
within acceptable limits. Flexible circuits are usually needed in optoelectronic transceivers (Freitag
et al., 2000).
Another application of the ‘large deﬂection bending’ of thin plates is in the electronic packaging of ﬂexible
circuit boards. These electronic substrates are ﬁnding application more frequently today, driven by the need to
package greater electronic content into smaller areas, and by the cost and space savings associated with the
‘connector-free’ integration of wiring called ‘ﬂatwire’, in the form of circuit traces, with regions populated with
electronic content (Glovatsky et al., 2006). An example of a small, light, high performance electronic product0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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chip-on-ﬂex and ﬂip-chip-on-ﬂex are becoming commercially mature technologies (Crum, 1997). However,
the compliant nature of the ﬂexible circuit board poses signiﬁcant technical challenges to standard surface
mount technology. Large deﬂection of the ﬂexible board may occur due to transverse loading from solder
paste printing and/or component placement. Such displacement may cause misregistration of the component
leads, which will inevitably result in assembly defects. To increase the yield and eﬃciency, and to reduce
assembly costs, new tooling needs to be developed to minimize the deﬂection. Such retooling requires the
understanding of how ﬂexible circuits deform under loading. The need to predict and hence control the shapes
taken on by ﬂexible circuits also extends to the packaging of ﬂexible substrates within electronic modules or
subsystems (Glovatsky et al., 2006). In many cases, the deformation of such ﬂexible circuits can be analyzed
using thin plate (or beam) theories.
Classical thin plate theory (Kirchhoﬀ, 1859) was developed in the middle of the nineteenth century and was
later extended to the ﬁnite deformation of plates. In this paper, we focus on the cylindrical deformation of a
thin plate. For cylindrical deformation, the boundary conditions and loads can vary only in the x-direction,
see Fig. 1. Consequently, the ﬁeld quantities (deﬂections, stress, strain, etc.) are functions of x and y only. This
simply means that the cylindrical deformation of a plate may be obtained from the solution of a beam by
properly taking the width of the plate into consideration.
This paper addresses the large deﬂection of a thin plate. Based on a variational approach, Reissner
(1972) has derived the set of non-linear governing equations for beams to investigate the buckling of a
circular ring. In our problem, similar governing equations are used except that one end of the plate is
assumed ﬁxed (clamped) to a rigid wall, while the other end, known as the free end, is placed on a ﬂat
surface of arbitrary orientation. Under the assumption that the axial deformation of the ‘‘middle surface”
is negligible, a closed form analytical solution to the deﬂection curve, for the speciﬁc case of a load that is
normal to the beam at the free end, was derived by Xue et al. (2002). Their solution forms a basis for the
current work. However, the assumption relating to the direction of loading severely limits the practical
applicability of the solution since, in general, the tangential component of the loading (non-dimensional-
ized against the normal component) can take on a range of positive or negative values for a given free end
displacement and orientation, each value resulting in a speciﬁc beam shape. In this paper, we extend the
analysis to include both normal and tangential load components and investigate the conditions for non-
uniqueness of the resulting solutions. The analysis covers all but the small subset of relevant beam shapes
in which the curvature of the beam does not vanish for any value of the rotation angle h. Numerical
methods are also developed to obtain the multiple solutions. Experiments conducted to validate the the-
oretical and numerical predictions are reported.
We begin the paper by brieﬂy summarizing in Section 2 the derivation of the generalized non-linear gov-
erning equations for plates under large deﬂection. Simpliﬁcation of the generalized equations that represent
a cantilever beam with a prescribed deﬂection and orientation at the free end and an investigation of the con-
ditions for non-uniqueness of the resulting solution are presented in Section 3. Section 4 describes the numer-
ical solution method. Experimental setups are discussed in Section 5. Numerical results are compared with
experimental measurement in Section 6.b
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Fig. 1. Cylindrical bending of a plate.
V.A. Jairazbhoy et al. / International Journal of Solids and Structures 45 (2008) 3203–3218 32052. The governing equations
The derivation of the basic governing equations is described in detail in a previous paper (Xue et al., 2002),
and summarized here for convenience. Fig. 2 depicts a long rectangular plate subjected to a transverse load
that does not vary along the width of the plate. If the boundary conditions are also invariant along the width,
then the deﬂected surface can be assumed to be cylindrical in the longitudinal direction (Timoshenko, 1959).
The cylindrical deﬂection of the plate can be represented by a diﬀerential element of unit width cut from the
plate by two transverse planes, as shown in Fig. 1. The deﬂection of this element is governed by a diﬀerential
equation similar to the one governing the bending of a beam of rectangular cross section. Hence, the solutions
to the beam problem can be used for the cylindrical bending of a plate by simply replacing the bending rigidity
of the beam, EI = Ebh3/12, with the bending rigidity of the plate, D = Eh3/12(1  m2), where E is the Young’s
modulus, m is the Poisson’s ratio, b is the beam width and h is the beam height (plate thickness). Note that the
Poisson’s ratio appears in the plate’s bending rigidity because of the two-dimensional eﬀect. Note further that
D and EI have diﬀerent dimensions. This is necessary because, for example, a concentrated load in the beam
solution has the dimension of force, while a concentrated load in the plate solution has the dimension of
force/length.
The aforementioned similarity between a beam and a plate under cylindrical bending permits us to focus
our discussions on beam bending. The governing equations for large displacement, small strain deformation
of simple beams were derived in a previous paper (Xue et al., 2002), following the approach of Frisch-Fay
(1962) and Atanackovic (1997). The basic assumptions used are:
1. Plane sections in the natural (undeformed) state remain plane in the deformed state;
2. Cross sections do not change their shape or size; and
3. Plane sections that are in the natural state orthogonal to the middle surface remain orthogonal to the
middle surface in the deformed state.
The position of a generic point on the middle surface of the beam can then be indicated by its coordinates.
Let (X,Y) be the coordinates of a point on the middle surface of the undeformed beam in a ﬁxed Cartesian
coordinate system (x; yÞ. Let the coordinates of this same point be (x,y) after deformation. These two sets
of coordinates are related byx ¼ X þ u; y ¼ Y þ v; ð2:1Þ
where u and v are the displacement components in the x-direction and the y-direction, respectively.
Next, let S be the arc-length of the axis of the beam in the natural state and s be the corresponding arc-
length in the deformed state. For an initially straight beam, the undeformed middle surface of the beam isnatural
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Fig. 2. Deformed vs. natural conﬁguration of a beam.
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m. Loads qx and qy are oriented in the x-direction and y-directions, respectively, with units of force per unit
length of the beam’s middle surface in the natural state, while m is the moment per unit length of the beam’s
middle surface.
To derive the equilibrium relationships, consider an element of length dS in the natural conﬁguration as
shown in Fig. 3. Note that in the deformed conﬁguration, the length of this element will be ds. The internal
forces must satisfy:dN
dS
¼ qx;
dV
dS
¼ qy ; ð2:1a; bÞ
dM
dS
¼ V dx
dS
þ N dy
dS
 m; ð2:1cÞwhere N, V and M are, respectively, the components of the internal force and bending moment as labeled in
Fig. 3.
Deformation of the beam consists of two contributions. The ﬁrst, the axial strain of the middle surface, is
described bye ¼ ds dS
dS
¼ ds
dS
 1: ð2:2ÞThe second, arising from the rotation of the beam cross section, is described by the angle h measured from the
x-axis to the axis in the deformed conﬁguration, as shown in Fig. 2. A simple trigonometric analysis in con-
junction with (2.2) yields the strain and displacement relationships,dx
dS
¼ ð1þ eÞ cos h; dy
dS
¼ ð1þ eÞ sin h: ð2:3a; bÞSubstituting (2.3) into (2.1c) yieldsdM
dS
¼ ð1þ eÞðN sin h V cos hÞ  m: ð2:4ÞThe constitutive equations that connect the internal forces (N,V,M) and the deformation descriptors ðe; hÞ are
obtained by using the Hooke’s law for linear elastic materials,N cos hþ V sin h ¼ EAe; M ¼ EI dh
dS
; ð2:5a; bÞwhere E is the Young’s modulus, A is the cross section area and I is the bending moment of inertia, I = bh3/12.
Here b is the width and h the height of the beam.
By combining (2.4) and (2.5a), and by making use of (2.5b), one can solve for N and V as follows,Deformed configuration
N
N+dN
M+dM
M
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V
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y
Fig. 3. Free-body diagram of a length element in the deformed conﬁguration.
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2h
dS2
þ m
 
sin h
1þ e ; ð2:6aÞ
V ¼ EAe sin h EI d
2h
dS2
þ m
 
cos h
1þ e : ð2:6bÞSubstitution of (2.6a,b) into (2.1a,b), respectively, yields the following pair of second order non-linear diﬀer-
ential equations for the deformation descriptors, ðe; hÞ,d
dS
EAe cos hþ EI d
2h
dS2
þ m
 
sin h
1þ e
 
¼ qx; ð2:7aÞ
d
dS
EAe sin h EI d
2h
dS2
þ m
 
cos h
1þ e
 
¼ qy : ð2:7bÞThese equations are valid for S between 0 and L, the undeformed beam length. In principle, they can be solved
for a consistent set of boundary conditions. For small deformation, e.g., e 1 and h 1, Eqs. (2.7a,b) reduce
to the classical linear equations for a bar under tension (compression) and a beam under bending, respectively.
3. Cantilever beam with prescribed displacement and rotation angle at the free end
In this section, we consider a 2D cantilever beam of length L with prescribed displacement (xA,yA) and
rotation angle (hf) at the free end (Fig. 4). This setup is intended to describe the fastening of the two ends
of a ﬂexible electronic substrate to surfaces that make an arbitrary angle with each other, with the ﬂexibility
of selecting the fastening location. One end of the beam, referred to as the ﬁxed end, is fastened to a plane with
rotation angle h = 0 by Fastener 1. The other end, referred to as the free end, is fastened by Fastener 2 to a
surface given byy ¼ x tan hf þ Y 0; p 6 hf 6 p ð3:1Þ
where hf and Y0 are given parameters that describe the surface. The concentrated force on the free end re-
quired to produce the ﬁnal deformed conﬁguration is resolved into its components T and FA, where T is
the component perpendicular to the surface described by (3.1), and FA is the component tangent to it. Note
that both components are unknown, and must be solved as part of the boundary value problem. We have
demonstrated in a previous paper (Xue et al., 2002) that the axial deformation in problems of this nature
is negligible. Hence, we assume e = 0 in our problem. Under these assumptions, the boundary conditions
for the deformed beam arehð0Þ ¼ 0; hðLÞ ¼ hf ; ð3:2a; bÞ
yð0Þ ¼ xð0Þ ¼ 0; yðLÞ ¼ yA; xðLÞ ¼ xA; ð3:2c; d; eÞwhereY0
θf
T
x
y
θmax
Fig. 4. Cantilever beam with prescribed displacement and rotation angle.
Fig. 5. Experimental setup.
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Since there are no distributed loads, Eq. (2.1) leads to the conclusion that N and V are constants throughout
the beam and are given byN ¼ T sin hf þ F A cos hf ; V ¼ T cos hf þ F A sin hf ð3:3a; bÞ
T and FA are still unknowns. It then follows from (2.6a,b) thatEI
d2h
dS2
¼ T cosðh hf Þ þ F A sinðh hf Þ: ð3:4ÞNote that a semi-analytical solution for the special case of FA = 0 was presented by Xue et al. (2002). For
dh
dS 6¼ 0, the left hand side of (3.4) may be rewritten using the following relationship:d2h
dS2
¼ d
dS
dh
dS
 
¼ d
dh
1
2
dh
dS
 2" #
: ð3:5ÞHence, integrating with respect to h, we obtain1
2
dh
dS
 2
¼  T
EI
sinðh hf Þ  F AEI cosðh hf Þ þ const: ð3:6ÞEq. (3.6) eﬀectively expresses the curvature of the beam as a function of the rotation angle, in terms of three
unknowns; T, FA, and the integration constant. Under certain circumstances, the curvature of the beam van-
ishes for at least one value of the rotation angle h lying between p and p, permitting a smooth change of sign
of the curvature at that value of h. The current paper deals with this signiﬁcant subset of the solution space
relating to Eq. (3.6) under boundary conditions (3.2). The portion of the solution space in which the curvature
is either positive or negative for all h yields solutions of a diﬀerent nature, and is explored elsewhere (Jairazb-
hoy et al., in preparation). Eq. (3.6) is solved by separating the variables h and S. In addition, the integration
constant is eliminated by enforcing the zero curvature assumption at an unknown value of h = hmax. DeﬁneT ¼ TL
2
EI
ð3:7ÞandF A ¼ F AL
2
EI
: ð3:8Þ
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dS
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½Tfsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q
: ð3:9ÞIn (3.9), hmax = h(Si) where Si satisﬁesdh
dS
				
S¼Si
¼ 0: ð3:10ÞIt is noteworthy that Si need not lie between 0 and L.
Points on the curve deﬁned by Eq. (3.9) that satisfy Eq. (3.10) are ‘‘points of inﬂection”. At these locations,
the curvature changes its sign as S increases. Subsequently we will show that, barring degenerate cases, there
are at most two values of h lying between p and p at which Eq. (3.10) is satisﬁed, one representing a max-
imum in h called hmax, and one a minimum called hmin. Eq. (3.9) may also be written in terms of hmin rather
than hmax, as follows:Ldh
dS
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½Tfsinðhmin  hf Þ  sinðh hf Þg þ F Afcosðhmin  hf Þ  cosðh hf Þg
q
ð3:11ÞEqs. (3.9) and (3.11) suggest that, in principle, more than one solution may exist for a given conﬁguration. For
instance the curvature, i.e. the sign of dh
dS in Eq. (3.9), may be positive or negative at S = 0, each resulting in a
distinct, independent solution satisfying the given displacement and rotation angle boundary conditions at the
free end, with distinct values of the force components T and FA.
To obtain the deformed conﬁguration of the beam, it is necessary to calculate the coordinates x and y of the
deﬂection curve as functions of S. Since e = 0, it follows from (2.3) thatdx ¼ cos hdS; dy ¼ sin hdS: ð3:12Þ
Further, from Eqs. (3.9) and (3.12), we can express dS, dx, and dy as functions of h. Hence, we can enforce the
prescribed beam length and the displacement at the free end by integrating these variables over the length of
the beam, as follows:Z L
0
dS ¼ 
Z
h
Ldhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½T fsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q ¼ L: ð3:13Þ
Z xðLÞ
0
dx ¼ 
Z
h
L cos hdhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½Tfsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q ¼ xA: ð3:14Þ
Z yðLÞ
0
dy ¼ 
Z
h
L sin hdhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½T fsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q ¼ yA: ð3:15Þ
In Eqs. (3.13),(3.14) and (3.15), the integrands are singular at points of inﬂection (h = hmax and h = hmin),
i.e. when dh
dS ¼0. Hence appropriate care must be taken in the integration procedure. As discussed later in
this paper, the deﬁnite integrals over h are broken down into sub-integrals in which h varies monotonically
and whose limits are various combinations of ho, hmax, hmin and hf. When computing a deﬁnite integral
with an integrand that is singular at one of the limits, a suitable integration scheme should be selected.
We note that, in light of (3.7) and (3.8), Eqs. (3.13)–(3.15) form a system of three equations that may be
solved for the three unknowns T, FA, and hmax. Also, since Eq. (3.9) may be written in terms of hmin rather
than hmax, as shown in (3.11), Eqs. (3.13)–(3.15) may be equivalently expressed by replacing hmax with hmin.
In fact, equating the right hand sides of (3.9) and (3.11), we can express hmin in terms of T, FA, and hmax,
as follows.T sinðhmin  hf Þ þ F A cosðhmin  hf Þ ¼ T sinðhmax  hf Þ þ F A cosðhmax  hf Þ: ð3:16Þ
Simplifying, and ignoring the special cases T = 0 and FA = 0, and the degenerate case in which hmin = hmax, we
obtain
Table
The ﬁv
Type
1(a)
1(b)
2
3
4
5
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F A
¼ tan hmax þ hmin  2hf
2
 
; ð3:17Þand hencehmin ¼ 2ðarctan T
F A
þ hf Þ  hmax: ð3:18ÞSince the ‘‘arctan” function has a period of p, Eq. (3.18) suggests there are at most two values of h lying be-
tween p and p at which Eq. (3.10) is satisﬁed.
Thus far, we have not discussed the limits of integration to be applied onto the h integrals appearing in Eqs.
(3.13)–(3.15) and the related subject of the sign of the integrand over a speciﬁc h interval. To address the former,
we examine the expression under the square root signs in Eqs. (3.13)–(3.15), henceforth referred to as g(h), in the
vicinity of a point of inﬂection. It is easily shown that, barring certain special cases in which T = 0 or FA = 0,
g(h) changes sign as h goes from h < hm to h > hm – where hm represents either hmax or hmin – i.e. if g(h) is positive
for h > hm, then it must be negative for h < hm, and conversely if g(h) is positive for h < hm, then it must be neg-
ative for h > hm. Hence,
p
g(h) is real only ‘‘on one side” of hm, making hm either a maximum or a minimum.
This revelation allows us to partition the Stieltjes integrals in Eqs. (3.13)–(3.15) into sub-integrals in which h
varies monotonically. Also, if hm is a point of inﬂection satisfying Eq. (3.10), then (hm ± 2p) also satisﬁes
Eq. (3.10). For the purposes of this study, however, we constrain hmax and hmin to lie between 2p and 2p, such
that the angles h = 0 (ﬁxed end) and h = hf (free end) lie within the range [hmin,hmax]. The integrals in Eqs.
(3.13)–(3.15) must be evaluated from S = 0, i.e. h = 0, to S = L, i.e. h = hf. However, as we proceed along
the beam from 0 to L, h can take on values anywhere in the range [hmin,hmax]. In this study, we focus on the
practical range of solutions that contain at most one maximum and at most one minimum in h.
Table 1 lists ﬁve diﬀerent ways in which the Stieltjes integrals in Eqs. (3.13)–(3.15) may be computed, result-
ing ﬁve diﬀerent solution types. Within each sub-integral h changes monotonically, making the sign of dh
dS and
hence the curvature self-evident. This sign is reﬂected in the contribution of each sub-integral in the table.
Another interpretation of the sign is that the contribution of each sub-integral in Eq. (3.13) represents the
length of a beam segment, and must hence be positive by deﬁnition. The sign is determined accordingly,
and applied to Eqs. (3.14) and (3.15). For a given problem, zero, one or two of the ﬁve solution types will yield
a valid solution. Generally, the computed values of T, FA, and hmax will diﬀer between two solutions found for
a given set of boundary conditions.
‘‘Type 1” solutions exhibit no points of inﬂection (Fig. 7), i.e. h does not go through an extremum over the
length of the beam. Note that, since we are only searching for solutions with at least one extremum over the
entire range ofh, Type 1 solutions exhibit points of inﬂection for at least one and at most two values of h out-
side the range [0,hf].
Type 2 (Fig. 8) and Type 3 (Fig. 6) solutions exhibit precisely one point of inﬂection, the former at h = hmin
and the latter at h = hmax.
Type 4 (Fig. 16) and Type 5 (Fig. 17) solutions exhibit precisely two points of inﬂection, one at h = hmin and
the other h = hmax.
Type 2 and Type 4 solutions have a negative value of dh
dS (i.e. curvature) at S = 0, while Type 3 and Type 5
solutions have a positive value of dh
dS at S = 0.1
e solution types
Inﬂection points Curvature at S = 0 Sub-integrals
0 Negative  R hf0
0 Positive þ R hf0
1 Negative  R hmin0 þ R hfhmin
1 Positive þ R hmax0  R hfhmax
2 Negative  R hmin0 þ R hmaxhmin  R hfhmax
2 Positive þ R hmax0  R hminhmax þ R hfhmin
Fig. 6. Photograph of a Type 3 shape.
Fig. 7. Photograph of a Type 1(b) shape.
V.A. Jairazbhoy et al. / International Journal of Solids and Structures 45 (2008) 3203–3218 3211Once the unknowns T, FA, and hmax have been calculated by simultaneous solution of Eqs. (3.13)–(3.15),
the shape of the beam may be determined by recasting these equations into the following form:S ¼
Z S
0
dS0 ¼ 
Z
h
Ldhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½Tfsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q : ð3:19Þ
x ¼
Z xðSÞ
0
dx ¼ 
Z
h
L cos hdhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½T fsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q : ð3:20Þ
y ¼
Z yðSÞ
0
dy ¼ 
Z
h
L sin hdhﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2½Tfsinðhmax  hf Þ  sinðh hf Þg þ F Afcosðhmax  hf Þ  cosðh hf Þg
q : ð3:21Þ
Given T, FA, and hmax, the quantities S, x, and y, representing the axial coordinate and the Cartesian coor-
dinates along the beam, are calculated for incremental values of h, using the limits of integration speciﬁed
in Table 1 wherever necessary.
4. The solution methodology
4.1. Numerical strategies
Given the quantities xA, yA, and L, Eqs. (3.7), (3.8) and (3.13)–(3.15) form a set of simultaneous non-linear
algebraic-integral equations to be solved simultaneously by iteration for T, FA, and hmax, employing Table 1 to
Fig. 8. Photograph of a Type 2 shape.
Fig. 9. Type 3 shape (xA = 10, yA = 20, L = 25).
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braic solver (DNEQNF) and the quadrature routine (QDAGS) are obtained from the IMSL FORTRAN
Math Library, and called from a driver FORTRAN program that performs user I/O, I/O processing, problem
setup, and solution monitoring.
DNEQNF is a double precision, run-time linked, IMSL non-linear algebraic solver routine that uses the
Levenberg Marquardt algorithm (IMSL, 1989). The routine is based on a modiﬁcation of M.J.D. Powell’s
hybrid algorithm employed by the MINPACK subroutine HYBRID1 (More´ et al., 1980). A procedure based
on Newton’s method, it uses a ﬁnite diﬀerence approximation to the Jacobian and takes precautions to avoid
large step sizes or increasing residuals.
QDAGS is a general purpose integrator that uses a globally adaptive scheme to reduce absolute error
(IMSL, 1989). It subdivides the integration interval and uses a 21-point Gauss–Konrod rule to estimate the
integral over each subinterval. The error for each subinterval is estimated by comparison with a 10-point
Gauss quadrature rule. The routine is especially designed to handle functions with endpoint singularities. It
uses an extrapolation procedure called the e-algorithm. The general algorithm is discussed by Piessens et al.
(1983). Since the integrands in Eqs. (3.13)–(3.15) are singular at h = hmin and h = hmax, the routine is partic-
ularly suitable for the current problem.
4.2. Searching for valid solutions
Since two solutions are possible, the algorithm allows selection from three alternative search criteria:
1. Search for any valid solution by selecting the limits of integration from the solution type with smallest resid-
ual at a given function evaluation. Stop the search once the residual falls below an acceptable small number,
and report the computed solution along with the solution type.
2. Search for a solution given a user-speciﬁed solution type (and hence integration limits).
3. Search for a solution while suppressing a user-speciﬁed solution type.
When two solutions are possible and warrant investigation, it is often expedient to ﬁrst use criterion 1 to
ﬁnd any valid solution, followed by a repeat solution of the problem using criterion 3 to suppress the ﬁrst solu-
tion. In some instances, successful root-ﬁnding may depend on the selection of sensible initial guesses for the
three unknowns.
5. Experimental setup
Fig. 5 shows the experimental setup used to photograph a ﬂexible beam fastened to produce a variety of
diﬀerent shapes. Although the simple apparatus is designed to produce shapes with both bend and twist,
we use it only to verify the solution to the cylindrical bending problem presented in this study.
The narrow ﬂexible beam, represented by a thin polymeric material, is fastened at both ends by adjustable
clamps. The clamps permit both horizontal and vertical relative motion between the two fastened ends of the
beam. Horizontal motion of the fastened ends in a direction perpendicular to the desired mid-plane of the
beam is used to align the ends of the beam so as to produce cylindrical bending. Motion of the fastened ends
in a plane parallel to the desired mid-plane of the beam is used to establish the distance and angle between the
fasteners, i.e. to establish the prescribed displacement (xA, yA) of the ‘‘free end” in Fig. 4. The length of the
beam is varied by clamping down at diﬀerent locations along the beam. At the ‘‘free end”, special blocks,
each with one planar surface inclined to the base at a distinct angle (e.g., 30, 45, or 90), are used to fasten
the beam at an angle to the horizontal, thus establishing the rotation angle (hf) at the ‘‘free end”.
A digital camera is used to photograph the shape of the beam. Immediately behind the beam, and in close
proximity to it to minimize parallax error, a graphical grid is placed to facilitate the measurement of xA, yA,
and hf for each shape. Since reﬂection and refraction can sometimes lead to a slightly blurred image, the lead-
ing edge of the beam is highlighted to enhance its clarity, and is used as the representation of the shape. Given
the limitations of the experiment, measurement errors of 2–5% are expected in xA, yA, and hf. Comparison
against analytical predictions is carried out primarily by visual inspection.
Fig. 10. Two stable shapes (for xA = 20, yA = 10, hf = 30, L = 35) with curvatures of opposite sign at S = 0.
3214 V.A. Jairazbhoy et al. / International Journal of Solids and Structures 45 (2008) 3203–32186. Results and discussion
6.1. Experimental results
In all discussions that reference experimental or analytical beam shapes, the attachment to the left is
arbitrarily termed ‘‘Fastener 1”, while the attachment to the right is termed ‘‘Fastener 2”. Figs. 6–9
show a sampling of shapes obtained by varying the length of the beam, and the location and orien-
tation of Fastener 2. Fig. 6 shows a simple Type 3 conﬁguration (one point of inﬂection and a posi-
tive curvature at S = 0) for hf = 0. In Fig. 7, there are no points of inﬂection. Since the curvature is
positive at S = 0, this shape is classiﬁed as Type 1(b). hf in this case is 43. Fig. 8 shows a shape with
negative curvature at S = 0, a single point of inﬂection, and hf = 90. This case is an instance of a
Type 2 shape.
By increasing the length of the beam while maintaining the same fastener locations and orientations, it may
be possible to produce shapes with one or more points of inﬂection, thus creating a shape of a diﬀerent type.
Fig. 9 depicts a Type 3 conﬁguration, since the curvature is positive at S = 0 and there is precisely one point of
inﬂection. If the length of the beam is increased while the fastener locations and orientations are maintained
constant, it is possible to create a shape in which a second point of inﬂection appears near the ﬁrst fastener and
the curvature at S = 0 changes to negative. The result is a Type 4 shape. This point is further illustrated in
Fig. 11.
In certain instances, a unique combination of fastener locations, fastener orientations, and beam length
could result in two distinct beam shapes. Both shapes display two points of inﬂection. A negative curvature
at S = 0 would classify the shape as Type 4, while a positive curvature at S = 0 would classify the shape as
Type 5. In the laboratory experiment, either shape could be produced from the other by pushing on the beam
till it snapped to its new shape. Further discussion is presented in Section 6.3, with illustrations in Figs. 16 and
17.
6.2. Analytical results
The FORTRAN program outlined in Section 4, called DrapeStep, was used to generate solutions of diﬀer-
ent types. Selected resulting beam shapes are plotted in Figs. 10 and 11.
Fig. 11. Impact of beam length on shape.
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shape, each point of inﬂection characterized by a marked decrease in the density of plot points in its vicinity
due to the extremum in the discretized variable h. The featured shape on the left is of Type 4, while that on the
right is of Type 5.
Fig. 10 also shows the results of a calculation in which two solutions are found for the same set of input
variables. The ﬁrst solution, of Type 4, is obtained by an unconstrained search. The second solution, of Type
5, is obtained by suppressing the Type 4 solution. One shape can be generated from the other in the laboratory
experiment by pushing appropriately on the fastened beam.
Fig. 11 illustrates the impact of beam length on the packaged shape. At a length of 25 U, the beam exhibits
a Type 3 shape, with a single point of inﬂection at an x-coordinate of about 8. When the length is increased to
35 U, a second point of inﬂection is observed. The shape plotted is of Type 4. Further increase of the length
simply alters the curvature values over the length of the beam without altering the type. Although not shown
in Fig. 11, the cases corresponding to L = 35 and L = 45 each produce a second solution of Type 5.6.3. Comparison between analysis and experiment
In this section, the analytical results are compared against experimental data to establish the applicability of
the analytical method for predictive purposes. Candidate input data sets consisting of xA, yA, hf, and L were
identiﬁed, and the beam was fastened to obtain input values as close to the candidate values as possible. It was
found that, owing to the limitations of the experimental method, it was diﬃcult to reproduce the candidate
values exactly. Hence, photographs of the beam were ﬁrst taken, the photographs analyzed for the aforemen-
tioned four values, and the measured values used as input to the computer program to produce analytical
shapes. Sample comparisons between experimental and analytical shapes for ho = 43 are presented in Figs.
12–17. The comparisons are typical of the results obtained over a wide range of measured values.
Figs. 12, 14 and 16 illustrate Type 4 shapes with identical fastener coordinates and rotation angles, but with
successively increasing beam lengths. Figs. 13, 15 and 17 illustrate the Type 5 shapes corresponding to Figs.
12, 14 and 16, respectively. In all cases, an excellent match between the measured and predicted shapes is
apparent. For packaging purposes, the ability to accurately predict the (x,y) coordinates of critical locations
along the length of the beam is a measure of the eﬀectiveness of the analytical technique. To this end, the
Fig. 12. Analysis vs. experiment – Type 4; xA = 10.2; yA = 13.6; hf = 43; L = 25.
Fig. 13. Analysis vs. experiment – Type 5; xA = 10.1; yA = 13.8; hf = 43; L = 25.
3216 V.A. Jairazbhoy et al. / International Journal of Solids and Structures 45 (2008) 3203–3218predictive error associated with the maximum and minimum x and y coordinates was computed from each of
the predicted and measured shapes. Typically, the predictive error was about 3% of the beam length, and, in
all cases evaluated, the error was under 5%, demonstrating the eﬀectiveness of the analytical method for pack-
aging purposes. Comparisons between the predicted and measured values of hmax and hmin were also made
wherever applicable. The experimental measurements, carried out by constructing tangents to the experimen-
tal shapes at points of inﬂection, were limited in accuracy. Despite this limitation, the typical predictive error
was about 5% of the range of h variation, while the maximum observed error was 10% of the range of h
variation.
It is notable that the bending rigidity EI, in itself, does not aﬀect the beam shape. This can be seen from
Eqs. (3.13)–(3.15) in which it is apparent that, for a given beam length and boundary conditions, the solution
consisting of T ; F A, and hmax that completely describes the shape is independent of EI. Since the focus appli-
cation for this work is electronic packaging in which the packaged shape rather than the reaction force is crit-
ical, no experimental information pertaining to .forces was collected. However, it is easy to see from Eqs. (3.7)
Fig. 14. Analysis vs. experiment – Type 4; xA = 10.3; yA = 13.5; hf = 43; L = 35.
Fig. 15. Analysis vs. experiment – Type 5; xA = 10.2; yA = 13.6; hf = 43; L = 35.
Fig. 16. Analysis vs. experiment – Type 4; xA = 10.3; yA = 13.5; hf = 43; L = 45.
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of the beam length.
Fig. 17. Analysis vs. experiment – Type 5; xA = 10.3; yA = 13.5; hf = 43; L = 45.
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Large deﬂection bending of a thin beam has been considered in this paper. In particular, we have extended
the narrowly applicable analysis of Xue et al. (2002) to include virtually the entire practical solution space,
barring a small subset, and have investigated the non-uniqueness of the resulting solutions. We have shown
that, under certain conditions, the solution to the deﬂected shape of the plate is not unique. Conditions for
the existence of multiple solutions have been identiﬁed. Numerical methodologies have been developed to
obtain the multiple solutions.
Experiments were conducted to verify the numerical predictions. Excellent agreement was found between
the predicted deﬂections and the experimental measurements.
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